Upon the addition of protons to an aqueous solution, a component of the H + load will be bound i.e. buffered. In an aqueous solution containing a triprotic acid, H + can be bound to three different states of the acid as well as to OH -ions that are derived from the auto-ionization of H 2 O. In quantifying the buffering process of a triprotic acid, one must define the partitioning of H + among the three states of the acid and also the OH -ions in solution in order to predict the equilibrium pH value. However, previous quantitative approaches that model triprotic acid titration behaviour and used to predict the equilibrium pH rely on the mathematical convenience of electroneutrality/charge balance considerations. This fact has caused confusion in the literature, and has led to the assumption that charge balance/electroneutrality is a causal factor in modulating proton buffering (Stewart formulation). However, as we have previously shown, although charge balance can be used mathematically as a convenient tool in deriving various formulae, electroneutrality per se is not a fundamental physicochemical parameter that is mechanistically involved in the underlying buffering and proton transfer reactions. The lack of distinction between a mathematical tool, and a fundamental physicochemical parameter is in part a reason for the current debate regarding the Stewart formulation of acid-base analysis. We therefore posed the following question: Is it possible to generate an equation that defines and predicts the buffering of a triprotic acid that is based only on H + partitioning without incorporating electroneutrality in the derivation? Towards this goal, we derived our new equation utilizing: 1) partitioning of H + buffering; 2) conservation of mass; and 3) acid-base equilibria. In validating this model, we compared the predicted equilibrium pH with the measured pH of an aqueous solution consisting of Na 2 HPO 4 to which HCl was added. The measured pH values were in excellent agreement with the predictions of our equation. Our results provide further important evidence that one can mathematically model the chemistry of acid-base phenomenology without relying on electroneutrality (Stewart formulation) considerations.
Previous quantitative approaches have been derived that can accurately model the buffering process of a triprotic acid [1, 2] . For example, electroneutrality requirement is a common mathematical tool that can be utilized to calculate the equilibrium pH of a triprotic acid-containing solution [2] . The n-bar equation is another mathematical tool used in modeling the buffering process of a triprotic acid which is derived based on the total bound proton fraction [1] . However, these previous mathematical approaches do not mechanistically define the partitioning of excess H + among the three different states of the acid as well as to OH -ions that are derived from the auto-ionization of H 2 O. In this article, we present a new mathematical model that can mechanistically define the buffering process of a triprotic acid based on proton partitioning. We validate the model by comparing the predicted pH with the measured pH of a Na 2 HPO 4 -containing aqueous solution being titrated by HCl.
Defining Proton Buffering by Triprotic Acids: Triprotic Acid Buffering Equation
Let a = concentration of excess H + buffered by A 
where the suffix "e" stands for "equilibrium", suffix "i" stands for "initial", and K'w represents the dissociation constant of H 2 O. (6) [
[HA 
Entering Eq.10 into Eq.9:
Entering Eq.10 into Eq.8:
Entering Eq.8a, 9a, and Eq.10 into Eq.5b: using the wxMaxima software. The apparent equilibrium constant K' is calculated based on the thermodynamic equilibrium constant K according to the following equation [3, 4] :
where I = ionic strength
where c i is the molar concentration of each ion and z i is its charge.
Methods
In validating the Triprotic Acid Buffering Equation (TABE), we tested the formula using a Na 2 HPO 4 -containing aqueous solution (Sigma, St. Louis, MO) and measured the pH changes following the addition of HCl. To obtain pH measurements, the pH electrode (Sensorex, Garden Grove, CA) was calibrated using standard buffers of pH 1.68 (Ricca Chemical Company, Arlington, TX), pH of 4.01 and 7.00 (Thermo Electron Corporation, Beverly, MA). 20 ml of a 10 mM Na 2 HPO 4 -containing aqueous solution was incubated at 25°C in a water bath (Thermo Fisher Scientific, Waltham, MA). Then, 20 μl of 1.0 M HCl (Sigma, St. Louis, MO) was added to the solution, and the equilibrium pH was measured when there was no further change in the measured pH with time. To obtain more equilibrium pH values, the addition of 20 μl of 1.0 M HCl was repeated. The pH meter (Hanna Instruments, Woonsocket, RI) was calibrated at 25°C, and the equilibrium pH was measured utilizing a pH electrode at 25°C while the solution was mixed.
At each titration step, the reactant concentrations of each sample were first calculated based on the measured pH of the sample prior to the addition of HCl according to Equations 8a, 9a and 10.
Based on the water association/dissociation equilibrium reaction:
After the addition of HCl, the initial reactant concentrations as displayed in Table 1 and HCl is assumed to be completely dissociated.
Results

Comparison of predicted pH with measured pH
In calculating the predicted equilibrium [H + ] of a Na 2 HPO 4 -containing aqueous solution being titrated by HCl, the equilibrium pH is first estimated using the thermodynamic equilibrium constant K (expressed in terms of activities) of each of the three different states of the acid as well as that of H 2 O, and this pH is then used to estimate the ionic strength at equilibrium [5] [6] [7] . The final equilibrium pH is then re-calculated using the apparent equilibrium constant K' (expressed in terms of molar concentrations) which is calculated based on the predicted ionic strength at equilibrium according to Equation 11 [3] . The apparent equilibrium constant K' is utilized to predict the final equilibrium pH since the reactant concentrations are expressed in molar concentrations.
In validating the Triprotic Acid Buffering Equation (TABE), we compared the predicted equilibrium pH as calculated by TABE with the measured pH (mean of eight that are derived from the auto-ionization of H 2 O. Historically, the Guenther's n-bar equation has been used to predict the equilibrium pH of a Na 2 HPO 4 -containing aqueous solution [1] . The Guenther's n-bar equation is based on the total bound proton fraction at equilibrium. Therefore, the Guenther's n-bar equation accounts for both pre-existing bound phosphate species as well as newly bound phosphate species that are formed from the buffering of excess H + by the various phosphate acceptor sites. As the Guenther's n-bar equation is based on the total bound proton fraction, it is simply a convenient mathematical tool for predicting equilibrium pH. Specifically, its derivation is not mechanistically based since it does not define the partitioning of proton buffering by determining only the newly bound phosphate species that are formed from the buffering of excess H + .
Similarly, electroneutrality based on charge balance requirement has also been utilized to define the equilibrium pH of a triprotic acid-containing aqueous solution [2] . However, we had previously shown that although charge balance is a convenient mathematical tool that can be utilized to calculate and predict the equilibrium pH, charge balance (electroneutrality considerations) is not a fundamental physicochemical parameter that is mechanistically involved in predicting or determining the equilibrium pH value of a solution [4, 8, 9] Indeed, if strong ion difference (SID, a term used in the Stewart formulation which is based on electroneutrality and charge balance considerations) were to have a mechanistic role in determining the equilibrium pH, it must do so by imparting a fixed macroscopic charge to the solution which will in turn cause the [H + ] to attain a given value in order to maintain macroscopic electroneutrality [8, 9] . However, we demonstrated that for a given change in SID due to the addition of HCl to a NaCl-containing solution, electroneutrality is maintained (i. [8, 9] . In this previous study, we also reported the derivation of a new mathematical model to predict the equilibrium pH based mechanistically on the partitioning of H + buffering in an aqueous solution containing multiple monoprotic acids without relying on electroneutrality requirements [8] . The goal of our present study is to determine whether it is possible to derive a mathematical model based on the underlying physical chemistry involved (i.e. partitioning of H + buffering) in a triprotic acid-containing aqueous solution without utilizing the mathematical convenience of electroneutrality/charge balance considerations as had previous authors. Our reasoning was based on the consideration that if a derivation based only on partitioning of H + buffering was indeed possible in predicting the equilibrium pH of a triprotic acid-containing aqueous solution as well, this would demonstrate convincingly that electroneutrality/charge balance considerations are not only mathematically not required, but are de facto not fundamental in determining the pH from a chemical standpoint. Based on the acid-base equilibrium reactions of Na 2 HPO 4 and H 2 O and the above mathematical relationships, we derived a fifth-order polynomial equation which can be utilized to predict the equilibrium [H + ] of a triprotic acid-containing aqueous solution.
The five possible roots of this fifth-order polynomial equation can be easily computed using user-friendly mathematical software such as wxMaxima. Although there are five possible roots to this polynomial equation, there is only one solution that is positive in value.
Validity of TABE in Predicting the Equilibrium pH
In validating our new mathematical model, we tested the model using a Na 2 HPO 4 -containing solution and measured the pH changes following the addition of HCl. In our study, HCl was added successively to a Na 2 HPO 4 -containing solution and the equilibrium pH is measured at each addition step. The equilibrium pH was determined when there was no further change in the measured pH with time at each step of HCl addition. The measured equilibrium pH was then compared with the predicted equilibrium pH as calculated by our model. In predicting the equilibrium pH, the equilibrium pH was first estimated using the thermodynamic equilibrium constant K (expressed in terms of activities) of each of the three different states of the acid as well as that of H 2 O, and this pH value was then used to estimate the ionic strength at equilibrium [5] [6] [7] . The final equilibrium pH was then re-calculated using the apparent equilibrium constant K' (expressed in terms of molar concentrations) which was calculated based on the predicted ionic strength at equilibrium according to Equation 11 [3] . The apparent equilibrium constant K' was utilized to calculate the final equilibrium pH since the reactant concentrations were expressed in molar concentrations. As demonstrated in Table 1 and Figure 1 , our results confirmed the accuracy of our new quantitative approach for predicting the final equilibrium pH. Indeed, linear regression analysis demonstrated that the predicted pH as calculated by our model is in excellent agreement with the measured pH:
Predicted pH = 1.003 Measured pH − 0.007 (r 2 = 1.0)
Our new mathematical model is also an important tool for defining the buffering of excess H + among the various proton acceptor sites in solution. As shown in Table 2 
Potential Sources of Error
In calculating the predicted equilibrium pH, the value of the thermodynamic equilibrium pK of each proton acceptor site was based on reported values at 25 degrees C [5, 6] . In refining the predictive accuracy of our model, the apparent equilibrium pK' was utilized to calculate the final equilibrium pH since the reactant concentrations were expressed in molar concentrations [3] . The apparent equilibrium pK' was calculated based on the thermodynamic equilibrium pK and the predicted ionic strength of the solution at equilibrium according to Equation 11 [3] . Consequently, errors in either the reported values and/or the correction for ionic strength would introduce discrepancies between predicted and measured values. An additional source of error is in the accuracy of the pH electrode measurements. However, despite these potential sources of error, the measured values were not significantly different from the values predicted using our formula.
Summary
Our new mathematical model is the first reported quantitative approach that can predict the equilibrium [H + ] based mechanistically on the partitioning of H + buffering among the different proton acceptor sites of a triprotic acid-containing solution. As shown in Table 2 
